ABSTRACT. Let R be a ring, and let N and C denote the set of nilpotents and the center of R, respectively. R is called generalized periodic if for every x e R \ (N u C), there exist distinct positive integers m, n of opposite parity such that x" x" e N c C. We prove that a generalized periodic ring always has the set N of nilpotents forming an ideal in R. We also consider some conditions which imply the commutativity of a generalized periodic ring.
INTRODUCTION.
Throughout the paper, R will denote a ring, N the set of nilpotents, C the center, J the Jacobson radical, and C(R) the commutator ideal of R. The ring R is called periodic if for every x in R there exist distinct positive integers m, n such that x x*. An element x of R is called potent if, for some positive integer n > 1, x" x. R is called weakly periodic if every element x of R can be written as a sum of a potent element and a nilpotent element. It is well known that a periodic ring is necessarily weakly periodic. Whether a weakly periodic ring is necessarily periodic is apparently not known, except in the presence of other additional hypotheses. We now formally state the definition of a generalized periodic ring.
Definition. A ring R is called generalized periodic if for every x in R, x N u C, we have x* x" N n C, for some positive integers m, n of opposite parity. Or, equivalently, x*-x *+k NnC; n,kZ/; kodd;(xNC).
(1.1) (I.I) H. E. BELL A. YAQUB We prove that the set of nilpotents in a generalized periodic ring R is always an ideal in R. We also consider conditions which imply the commutativity of a generalized periodic ring.
2.
STRUCTURE OF GENERALIZED PERIODIC RINGS. We begin with some basic facts about generalized periodic rings. Lemma 1. In a generalized periodic ring R, we have (i) C(R) J;
(ii) J c2N)C; (iii) N J. PROOF (i). By a well known theorem of Herstein [1] , if R is a division ring which satisfies (1.1), then R is commutative. Next, suppose that R is a primitive ring which satisfies (1.1). Since ( in a 0), a xte_ 0 and hence ax N, contradiction. This contradiction proves (2.2) . To complete the proof of (iii), let a N, x R. Then, by (2.2) , ax N and hence ax is right quasi-regular for all x in R, which implies a J., This completes the proof of the lemma.
We are now in a position to prove the following fundamental theorem. THEOREM 1. The set N of nilpotents of a generalized periclic ring R is an ideal of R. x" x e N, for some n > m, say.
and hence x "-m+' x e N (since x" x e N).
Therefore, for all x e R, we have
x-x "-m+ eN or xeC, n>m, (xR). Next, we consider a ring which is both weakly periodic and generalized periodic. THEOREM 3. If a ring R is both generalized periodic and weakly periodic, then R is periodic. PROOF. Let x e R. Since R is weakly periodic, we have x=a+b for some aeN, b potent (bq =b, q>l). (2.8) Thus, x-a (x-a)q; and since N is an ideal, we have x-xq N. By a well known theorem of Chaeron [2] , it follows that R is periodic. 3.
COMMUTATIV1TY OF GENERALIZED PERIODIC RINGS.
We now turn our attention to some conditions which, when imposed on a generalized periodic ring, render it commutative. We begin with the following result, which is suggested by an old theorem on periodic rings. THEOREM 4. Let R be a generalized periodic ring, and suppose N C. Then R is commutative.
PROOF. By (2.6), for each x R, either x e C or x-x e N for some k > 1. Since N C, therefore, for every x R, x x C for some k > 1. Therefore, by Herstein Experience shows that a condition which does not imply commutativity for general rings may do so for rings with 1. Indeed, we can show that generalized periodic rings with are commutative; in fact, in the following theorem, we can do better than that.
THEOREM 5. Suppose that R is a generalized periodic ring containing a central element which is not a zero divisor. Then R is commutative.
PROOF. In view of Theorem 4, we need only show that N C. Suppose not, and choose a 0 N \ C. Let (0 > be the minimal positive integer for which a C for all > (0; and let a=a -. Note that aC, and axC for all >2. Now if cC is not a zero divisor, then c + a N C, so there exist n, m of opposite parity with n > m, such that (c + a)* (e + a)" nc, (n > m).
(3.4)
We shall assume that n is even and m is odd, the other case being only marginally different.
From (3.4) we have nc"qa-mc-a C, from which it follows that (since c is not a zero divisor)
nc'-%-ma C. By hypothesis, n is even, say n 2n 0, and hence (3. [a, b] ab-ba with a e N and b N is potent (i.e., [a, b] q= [a, b] for some q > 1).
Then R is commutative.
PROOF. By (2.7), C(R)_ N, and hence [a, b] Recall also that, in (2.6), we proved that, for ever x in R, we have x-xkeN for some k>l, or xeC, (xR). We now take a closer look at the structure of each of these subdirect summands Ri, with all eye towards proving their commutativity. CASE 1: R does not have an identity. Let t: R --R be the natural homomorphism of R onto R i, and let t: x x Let N and C r denote the set of nilpotents and the center of R i, respectively. We claim that R c N k.)C i. This implies (see the proof of Lemma (ii) ) that x x'e for some positive integer q and some idempotent e in R.
